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Abstract 

We calculate explicitly the normal zeta function of the free group of 
class two on four generators, denoted by ^2^4. This has Hirsch length 
ten. 


1 Introduction 

A zeta function of a group is a tool used in infinite group theory to understand 
subgroup growth, the study of the properties of the sequence (a„(G))ngN, 
where a„(G) encodes the nnmber of snbgronps of index n in a finitely gener¬ 
ated infinite gronp G. By stndying analytic properties of the zeta fnnction 

00 

n=l 

where 

a^{G) = \{H < G : \G : H\ = n}|, 

we hope to get algebraic information abont the gronp. 

We can define a normal zeta function 

00 

CS(s) = 5;<(G)n- 

n=l 
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by the additional condition that we connt only normal snbgronps of G, so 

<(G) = \{H<G: \G:H\ = n}\. 

In the example in this paper we calcnlate a zeta fnnction of a hnitely 
generated torsion-free nilpotent gronp — we call these the T-gronps — and 
the nilpotency gives us the extra feature that for *€{<,<} the zeta function 
decomposes as an Euler product of local factors (also known as the local zeta 
functions) over primes p 

P 

where 

OO 

CcM = 

n=0 

One of the main results in jB] was to prove that these local zeta functions 
are rational functions in p~^. Moreover, in !S| it is proved that the zeta 
functions of the free nilpotent groups of class two are uniform; this means 
that for almost all, that is, for all but hnitely many, primes p the local factor 
is the same for each prime. It should be noted that this is not always the 
case, there are examples of zeta functions whose local factors don’t fall into 
even hnitely many classes for primes p. The elliptic curve example by du 
Sautoy discussed in jTj and |H] explains why the the local factors of a zeta 
function depend on the points on an elliptic curve modulo p. 

More generally, in jH] du Sautoy and Grunewald link the theory of zeta 
functions of groups to the classical problem of counting points on varieties. 

Theorem 1.1 (du Sautoy, Grunewald). Let G be a finitely generated 
nilpotent infinite group. Then there exist an algebraic variety Y defined 
overQ, consisting of finitely many irreducible components Vi,i^T, defined 
over Q. All these irreducible components are smooth and intersect normally. 
There also exist rational functions Pi{x,y) G Q{x,y) for each I <TT with the 
property that for almost all primes p 

CgA^) = ( 1 ) 

ICT 

where 

di^p=\{aeY{¥p) ■.aeVi^ieI}\ ( 2 ) 

and Y means the reduction mod p of the variety Y. 
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However this theorem still has mainly theoretical meaning. One of the 
big qnestions recently has been to describe which varieties appear in the 
decomposition. In |T] and pj we saw that a zeta function of a certain group 
depends on the number of Fp-points on an elliptic curve. In this paper we can 
add Fano varieties of linear spaces to the list of varieties we need to consider 
in this context. But even so, we need to be very careful, as we shall see in 
this example. Not all points on the Fano variety of planes appear in the zeta 
function. Only one of the two rulings of planes gets picked up by the zeta 
function. 

In some sense this work can also be considered as a generalisation of Voll’s 
work in | 13 ) and ca. In the paper |Tn] he proves that a local normal zeta 
function satishes a functional equation of the form 

a,p(5)Up-i = (-i)'p“-a,p(s), 

for some /,m, n G N, if the Pfaffian hypersurface associated to the group is 
smooth, absolutely irreducible and does not contain lines. The example that 
we shall present in this paper however involves a group whose associated 
Pfaffian is smooth, contains lines and planes, and still satishes a functional 
equation of the same form. 

Apart from the pure interest in such a standard example as a nilpotent 
free group, this calculation has application to the problem of counting p- 
groups. As du Sautoy explains in j2j, counting normal subgroups in the free 
class c nilpotent groups on d generators is intimately related to counting p- 
groups of class c on d generators — the latter being identihable by quotients 
of the former. 

In addition to giving an explicit calculation of the normal zeta function 
of ^2,4, we shall do it in a systematic and theoretical manner which hopefully 
leads to a better theoretical understanding about the shape of the function 
and its poles. In a future paper Pli shall consider the more general case, 
where the Pfaffian is assumed to be smooth. 

This result was already announced in |THj. 

It also should be noted that no computer calculations are used in this 
example. If one tried to calculate this example using p-adic integrals, the cone 
conditions would contain 53 polynomial equations and involve 55 variables. 
Thanks are due to Luke Woodward who generated these conditions for me. 

1.1 Results 

Let F24 be the free class two, d generator nilpotent group. F2^d = Fd/js^Fd), 
where Fd is the free group on d generators and 73 (F^) is the third term in 
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the lower central series of F^. -F2 ^ has a presentation 

-^2,d = (a^i, , y d(d-i) : [xi,X2] = yi, [a;i,a;3] = 2/2, • • •, [xd-i,Xd\ = y d(d-i) ), 

2 2 

with the convention that generators not appearing explicitly in the relations 
are assumed to commute. Note that for this group [^2,^, .^2,^] = Z{F2^d)- 
To start with, let us recall from [H] what the normal zeta functions of 
smaller examples of the class two nilpotent free groups look like. The two 
generator one is isomorphic to the Heisenberg group and has local normal 
zeta function 


; (1 _ p-.) (1 _ pl-s^ (1 _ p 2 - 3 .) • 

The global zeta function = npCF2 2,p('®) abscissa of convergence 

2 . The normal zeta function of ^2^3 is 

1 _|_ ^3—3s I ^4—3s I ^6—5s i ^7—5s i ^10—8s 

/ \ _ ' P ' P ' P ' P ' P 

- (1 - p--)(l - - p2-s)(l _ _ p 8 - 5 .)(l _ p 9 - 6 s) ' 

The global zeta function has abscissa of convergence 3 . 

In order to write the normal zeta function of F24 in a reasonable form — 
an explicit expression would take two and half pages of polynomial formula 
— we need to introduce some notation and terminology. We shall get back 
to these dehnitions later and terminology will be made more precise. 

Definition 1.2. The Igusa factor with n variables U = {Ui, ..., Un) is de- 
hned to be 

iel * 

where hi{p) is the number of Fp-points on a flag variety of type /, this is a 
polynomial in p, which can be written in terms of p-binomial coefficients and 
is independent of the prime p. 

The precise dehnition of a flag variety of type / will be given in 12.21 

Example 1.3. In the above, we can write 

Cf,,3,p(s) = Cz 3 ,p(s)Cp( 6 s - 9 ) ■ J2(t/l, 172 ), 

where Ui = p®“5s jj^ _ p5-3s^ Cp(s) = denotes a local factor of 

the Riemann zeta function. 
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Let us denote by d = hi^F^’X) = 4 the torsion-free rank of the abelianisa- 
tion and by d' = /r(Z(F2 4)) = 6 the torsion-free rank of the centre, which is 
also an abelian group. In the general case of free class two nilpotent groups 
d will be number of generators and d' = . 

As will be explained later, to each class two nilpotent group we can nat- 
nrally associate a Pfaffian hypersnrface in Let d* be the dimension 

and Cj the codimension of the Fano variety of the {i — l)-dimensional linear 
subspaces on the Pfaffian. Then rii = Ci + di is the dimension of the variety 
of {i — l)-dimensional linear subspaces in “L 


Definition 1.4. We call a rational fnnction of the form 






the exceptional factor with variables X* and T*. 


With the above definitions we can now write down an expression for the 
zeta function of F24. It does show some structure, which would be completely 
missing if the zeta fnnction were to be written explicitly. 

Theorem 1.5. The local normal zeta function of ^ 2,4 is for (almost) all 
primes p 


= C,z\p{s)C,p{l^s-2A)-{Wo{p,p ")+ni{p)Wi{p,p ")+n2(p)IP2(p,p ")+n^{p)Wz{p,p *)) 

where 


ffi(p) = + 1)(P^ + P+ 1), 

n2(p) = {p+l){p^ + l){p^ +P+1), 

n3(p) = + l)(p+ 1), 

and 

W(x, T) = /5-*(X5,..., W+i)E,(W, ..., W) 

for i = 0,1, 2, 3, with the convention that Eq = /_i = Jq = 1. The numerical 
data are 


X- = phio-b-(4+bs 
Ti = 

T2 = 


5 



One can calcnlate the closed expression of this zeta fnnction where every¬ 
thing is pnt over a common denominator. However, it is not done here, since 
the numerator is a polynomial with 490 terms and the whole zeta function 
would take more than two pages to write out. We can read off the degree of 
polynomial subgroup growth from the expression above. 

Corollary 1.6. The abscissa of convergence of the global zeta function is 4. 

This is still the torsion-free rank of the abelianisation. However, for F 2 5 
the abscissa is bigger than 5, which can be deduced for instance from Theorem 

1.3 in P|. 

Corollary 1.7. The function satisfies a functional equation of the form 




(s 


\p^p' 


-l=p 


45-14s 


Cf2,4,p* 


s). 


This is of the form conjectured to hold for all class two normal zeta 
functions, see section El 
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2 Theory behind the calculation 

The class two nilpotent groups split naturally into two parts, the derived 
group and the abelianisation. With free class two groups we even have G' = 
[G, G] = Z{G). By the Mal’cev correspondence there is a Lie algebra = (G) 
over Z constructed as the image under log of G. 

For a Lie algebra , and * e {<,<}, we define the zeta function 

00 

n=l 

where a*() is the number of subalgebras or ideals of of index n. Then we 
have the following theorem 
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Theorem 2.1 ([6j). Let G be a finitely generated nilpotent group. For * G 
{<,<} and almost all primes p 

Cg,p('S) = C(G),p('S)- 

This allows us to concentrate on connting in a ring setting, which is 
nsnally easier than the corresponding group setting. 

According to jlj (Lemma 6.1) for class two normal zeta functions it is 
enough to run over the lattices of the centre of the group (or Lie algebra) in 
order to calculate the zeta function. In particular, if for each lattice A' C ' 
we define X{A')/A' := Z(/A'), then 

C"W =Cz-W5^|':Ar-|:.Y(A')|- 

A'C' 

We can also use the local version of this lemma by considering p = 0zZp- 
An ideal of a finite index in p corresponds to an ideal of a p-power index in 
. We shall call a lattice A' C maximal if p~^A' ^ . It is enough to 

consider only maximal lattices of p-power index, since if A' is not maximal, 
then in general, A' = where A'^^^ is maximal in its class. Now 


and 

|,:A'(A')|=P*-'|,:A'(A;„„)|. 

Then we have 

C(®) = C(i>) Y, i; : Ar-|, : A(A')|-‘ 

A'c;, 

=Cz^is)Cpiid + d')s - dd')A{p,p-^), 

where 

A(p,p-)= Y iPAr-|,:A(A')r‘. (3) 

A'c;, 

maximal 

Recall from ra the definition of the weight functions 

w{A') :=/op,(|;:A'|) 
u;'(A'):=u;(AO+log,(|p:X(A')|). 

Pnt T := p“®. Then we can write onr generating fnnction as 

A{p,T)= (4) 

A'C'p,maximal 


7 


Let us consider p and a lattice A' G ^ . In order to do the count¬ 

ing effectively, we enumerate the lattices in the centre using the elementary 
divisor type. The lattices maximal in their class have elementary divisor 
types where r* > 0 . Let us denote 

by the ordered set where ii < 12 <■■ - ii. Then the type of 

lattice is given by z^(A') = (/, r/) where 

I = d'- l},r/= 

and / = {ij G {1,..., d' — 1} ; > 0}. 

This way we have the same enumeration for the lattices, and for the 
weight functions depending on the lattices’ types. From these dehnitions 
and the above notation for the lattices we have immediately 

tc(A') = ir-j. 

i£l 

Definition 2.2. A flag of type I in / C {1,..., d'— 1 } is a sequence 

(Viflijtzj of incident vector spaces 

P'''-i(Fp) > > ■ ■ ■ > > {0} 

with codimFp(ViJ = ij — ij-i in the vector space Vi._^ . The flags of 
type / form a projective variety JF/, whose number of Fp-points is given by 
hj{p) G Z[p] a polynomial whose leading term equals and can be easily 

expressed as a product of p—binomial coefficients. Using duality properties 
of p-binomial coefficients we observe that 


SLd'(Zp) acts transitively on maximal lattices of an elementary divisor 
type 


(l,p»'d'-l,p’’d'-2+»’d'-l^ . . . ^p^l+^2-1— 


relative to the standard lattice. 

Let Gy denote the stabiliser of the diagonal matrix 
dmp(l,p’'<*'-i,p^‘*'-2+’’'''-i,... ,p^i+’’2+'"+^d'-i) in SLd'(Zp). Then by the 
orbit-stabiliser theorem we have 


{maximal lattices of type z/} W SLrf/(Zp)/Gi,. 

Thus we identify a maximal lattice A' with the pair (z/, aGfl) consisting of 
its partition of elementary divisors and the respective coset of the stabiliser 

Gy. 
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Let a G SLd/(Zp) and / be a type of a lattice A'. Let a denote the 
rednction mod p and define vector spaces for G /, / = {zi,..., p}<, 

<P'''-'(Fp) 

We observe that codim]fp(Vi.) = ij — ij-i- 

Following Voll we call the flag (14) jg/ of type / the flag associated with A' if 
i/(A') = / and A' corresponds to the coset aG^ under the 1-1 correspondence. 

Definition 2.3. Given a fixed flag variety JF/ of type / = {A, ■ ■ ■ ,4}< on 
then we call a maximal lattice A' of type J = {ji,... Gk}< where k > I 
a lift of JF/ if its associated flag contains JF/, I J and im = jm for 

m = 1,..., 

The reason we define these is that we can describe |p : W(A')| by set of 
polynomial equations. 

Theorem 2.4 (Voll |13| ). Let A' correspond to the coset aG^ under the 
correspondence defined above, where a G SL 6 (Zp) with column vectors afi 
j = 1 ,... ,6. Then |p : X(A')| equals the index of the kernel of the following 
system of linear congruences in p/),." 

Vi G {1, ..., 6 } gM{a^) = 0 mod (5) 

where g = (pT,..., ^ 4 ) e p/p = Zj. 

From this it is clear that we need to separate cases when M{a^) is singular 
and when it is not. The space of singular matrices can be described using the 
Pfaffian hypersurface, which is defined by the vanishing of the determinant 
of the matrix of relations det(M(y)) = 0 . 

In addition to the above two weight functions we need to define the mul¬ 
tiplicity function /i which measures how many lattices there are of each given 
type. 

Definition 2.5. Let A' be a lattice of type I. The multiplicity of A', denoted 
by p.(A') is the number of lattices of type / divided by the number of points 
on the flag variety of type I. 

We can calculate the multiplicity /r(A') by defining the function mu (as a 
‘measuret’ or a multiplicity) to measure the size of the set of x G pZp/(p“) of 
a fixed p-adic valuation as follows: 
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Definition 2.6. Let a, b be positive integers. We define a fnnction /i of a 
and b as 

{ 1 if a = 6 

pa-b(i_p-i) a > b (6) 

0 otherwise. 

This definition extends natnrally also to a vector b = (6i,...,6„). We 
denote /i(a,b) = \ {:s. e pZp/{p^) : Vp{xi) = bi} \ = /i(a; &i, & 2 , & 3 , • • •, &n) = 
p{a,bi)p{a,b 2 ).. .fi{a,bn). 

Now we can calcnlate the mnltiplicity of lattices of a given type I. 

Lemma 2.7. Let A' be a lattice of type I corresponding to the coset aGy 
under the 1-1 correspondence. Let aij be the ij-entry of a (in the ith column 
from the right and (j-l)th row from the bottom). Then the multiplicity of A' 
is 

Life—i j 

MA0 = n E 

i£l ain = l k=i 

3^1 

j<i 

Proof. A simple compntation nsing the orbit-stabiliser theorem. □ 


3 The group and its Pfaffian hypersurface 

The free class two nilpotent gronp on 4 generators has the following presen¬ 
tation 

Fa, 4 ={xi, X2, X3, X 4 , r/1, r/2, I/s, W, 1 / 5 , I/e : [xi, 0:2] = |/i, [xi, xs] = 1/2, 

[xi,X4\ = 1/3, [x2, xs] = 1/4, [x2, X4] = 1/5, [xs, X4] = ye). 

We can also write the commntator strnctnre in the form of the matrix of 
relations as 


M(y) 


/ 0 

1/1 

1/2 

1/3 \ 

- 1/1 

0 

1/4 

1/5 

- 1/2 

- 1/4 

0 

1/6 

\-|/3 

- 1/5 

- 1/6 

0 / 


Then the presentation is given by 


F2,4={xi,x2,x3,x4,yi,y2,y3,y4,y5,y6 ■ [xi,Xj] =M{y)ij). 
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The Pfaffian hypersurface is defined by the square-root of the determinant 
of the matrix of relations M(y); in this case it is defined by the equation 

yiy& - 1/21/5 + 2/31/4 = 0. (7) 

This is a smooth quadric four-fold in It is a fact (see e.g. Theorem 22.13 
in PI) that a smooth quadric of dimension m contains linear subspaces only 
up to dimension less than or equal to m/2, thus the linear subspaces lying on 
the Pfaffian hypersurface ^ associated with ^2,4 are points, lines and planes, 
these are also smooth by the above mentioned Theorem 22.13 . As we can 
find, for example from from jHj p. 5, there are ^i(p) = {p^ + l)(p^ +p -|- 1) 
points, %^ 2 {p) = {p+ l)(p^ + l)(p^+p+ 1) lines and ^ 3 {p) = 2(p^ + l)(p-|- 1) 
planes over Fp. There are two rulings of planes, which again is from the 
general theory of quadrics, see Theorem 22.14 in pj. 

Thus the different lifts of fixed flags that lie on the Pfaffian hypersurface 
(Recall Definition 12.311 and can cause different congruence conditions and 
weight functions are the following: 

1. The lattice A' lifts the flag (a^), which consists of a point on the Pfaf¬ 
fian. Note that the line (a^, a^) does not lie on the quadric four-fold in 
this case. 

2. (a) The lattice A' lifts the flag (a^, a^), which consists of a line on the 

Pfaffian. 

(b) A' lifts the flag > (a^), which is a line-point pair on the 

Pfaffian. 

3. (a) A' lifts the flag a^), which consists of a plane on the Pfaf¬ 

fian. 

(b) A' lifts the flag (Q;^,a^,a^) > which consists of a plane¬ 

line pair on the Pfaffian. 

(c) A' lifts the flag {a^, o?, o?) > (a^), consisting of a plane-point pair 
on the Pfaffian. 

(d) A' lifts the flag > (a^,Q;^) > (a^), which is a fixed 

plane-line-point triplet on the Pfaffian. 

3.1 Weight functions 

In this section we consider different types of lattices and what kind of weight 
functions tc'(A') we obtain following the above geometric list. 
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The easiest case is when a lattice lifts a flag no part of which lies on the 
Pfafflan hypersnrface, so all the matrices M(a®) are non-singnlar and the 
congruence conditions reduce to: 


Vi G 6} g = 0 mod 

The weight function w'{A') = A i)ri depends only on the lattice’s 

type. 

Now we need to consider the conditions on the Pfafflan as listed above. 
The easiest of them is that a lattice A' lifts a fixed point x G P^(Fp) on the 
Pfafflan hypersnrface. 


Lemma 3.1 (Voll, Proposition 4 in |ll3j). Let x e and let A' be a 

lattice lifting this fixed point. Then the weight function is w'{A') = (4 + 

i)ri — 2min{ri,r;p(aii)}. This depends on more than the lattice’s type, but it 
is independent of the point x chosen. 


Proof. (Proposition 4 in [Trfj i 

Let = (oii, ai 2 , ..., Oig) G P^(Zp/p^i) and = (0,1,..., 1) mod p. 
Then we can choose local coordinates such that around any of the ni(p) 
points of the Pfafflan hypersnrface mod p the congruence conditions look 
like 


/ 0 an 

—an 0 
0 0 

\ 0 0 


0 

0 

0 

-1 


0 \ 


0 / 

g = 0 


mod p^i+'"+^5 


mod p'’2+ --+^5^ 


ft can be read off that the weight function is w'{A') 
2min{ri,np(an)}. 


Eie/(4 + - 

□ 


With lines we have the following situation: The variety of lines is smooth 
and irreducible, and all lines belong to the same family, so it is enough to 
consider one given line only. 

Lemma 3.2. The weight function for lattices lifting a given line on the Pfaf- 
fian is w'{A') = 6 r 2 — min{r 2 , ^^(ais), r;p(a 25 ), np(a 24 )}. This is independent 
of the line chosen. 

Proof. The lattice of type {l,l,l,l,p^^,p’’^) is in one-to-one correspon¬ 
dence with the pair of vectors = (ais, ai4, ai3, ai2,0,1)* and = 
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(o25; 024, ^23; 022, 1 , 0 )*, wheiG ttij G p'Lp/ijf'^), SO that mod p the span 
(a^ a^) dehnes a line on the Pfaffian. With snitable local coordinate changes 
the congruences reduce to 


/ 0 

fll5 

0 

0 \ 

0 

0 

0 

0 

0 

0 

0 

1 

Vo 

0 

-1 

0 ^ 

/ 0 

0-25 

024 

0 \ 

0 

0 

0 

1 

0 

0 

0 

0 

^0 

0 

0 

0 / 


(mod 


(mod 


□ 


Corollary 3.3. For a mixed lattice of type { 1 ,... any flag 

{a^) < {a^,a^) gives the same weight function. 


Proof As each of the lines and each of the points give the same weight func¬ 
tion, so does any flag of any point-line combination. We can thus take the fol¬ 
lowing vectors = (ois, au, ois, ai2, on, 1 )* and = (025, 024, 023, 022, 1 , 0 )^ 
where a 2 j G p’Lp/ijf^), aij G pZp/(p^i+''2) for 2 < j < 5, an G pZp/{p^^). 
With suitable chance of local coordinates the congruence conditions look like 



/ 

0 

015 

0 

0 \ 

_ 

- 

-^15 

0 

0 

0 

g 


0 

0 

0 

1 


V 

0 

0 

-1 

0/ 



(° 

025 

024 

0 \ 



0 

0 

0 

1 


g 

0 

0 

0 

0 



VO 

0 

0 

0/ 


(mod 


(mod 


from which we can read off the weight function to be w'{A') = 6r2 + 5 ri — 
min{ri, ^^(015)} - min{ri -f r2, ^^(015), ^^(025) + ri, ^^(024) + □ 


However, with planes we need to be more careful. As planes are the 
highest dimensional linear subspace on the quadric, there are two families of 
planes, and as we shall see, these rulings do not behave equally; only one of 
them gives a different weight function. The variety of the planes is smooth, 
thus it is enough to consider a representative in each one of the rulings. 
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Lemma 3 . 4 . The plane generated by the vectors = ( 1 , 0 , 0 , 033, 034, 035)*, 
= (0,1,0,023,024,025)* and = (0,0,1,013,014,015)*, aij e pLpl{p^^) 
lies on the Pfaffian mod p, but doesn’t give a different weight function. For 
this half of the planes the weight function is w'{A') = which is also the 
weight function for planes outside the Pfafftan. There are (p^ + l)(p+l) such 
planes. 

Proof. It is easy to see that the plane spanned by (a*, is on the 

Pfaffian mod p. The congruence conditions mod p are g ■ M{a’') = 0 
mod p for i = 1 , 2 , 3 , and 


g 


g 


g 


0 

1 

0 

0 

-1 

0 

033 

034 

0 

—033 

0 

035 

0 

—034 

—035 

0 

0 

0 

1 

0 

0 

0 

023 

024 

-1 

—023 

0 

025 

0 

—024 

—025 

0 

0 

0 

0 

1 

0 

0 

Ol 3 

Oi 4 

0 

~Ol 3 

0 

Ol 5 

-1 

—Oi 4 

— Ol 5 

0 


= 0 (mod p’’®) 


= 0 (mod p’’®) 


= 0 (mod p’’®). 


This set of equations has rank 4 , and thus the weight function is w'{A') = 
7r3 which is also the weight function for planes outside the Pfaffian. □ 


Lemma 3 . 5 . For the other (p^ + l)(p + 1 ) of planes the weight function is 
w'{A') = 7 r 3 - min{r3, ^^(015), ^^(025), ^^(024), t'p(o 35 ), t'p(o 34 ), t'p(o 33 )}- 


Proof. The other family of planes can be represented by the span of the 
three vectors a* = (015,014,013,0,0,1)*, = (025,024,023,0,1,0)*, = 

(035,034,033,1,0,0), where aij G p'Lp/ijf’^). With a suitable change of local 
coordinates the congruence conditions look like. 


^ 0 Oi5 0 0 

_ 0 0 0 0 

^ 0 0 0 1 

\ 0 0 -10 

^ 0 O25 O24 0 

_ 0 0 0 1 

^ 0 0 0 0 

\ 0 0 0 0 


= 0 (mod p'’®) 


= 0 (mod p'’®) 
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g 


/ 0 
0 
0 
VO 


035 

0 

0 

0 


0-34 

0 

0 

0 


033 \ 

0 
0 

0 ) 


= 0 (mod p’’®) 


We can read off the weight function to be as claimed. 


□ 


Corollary 3 . 6 . For the mixed lattiees eontaining the type 
(1 ,... ,p'^^ rs > 0 and ri,r2 > 0 we need to eonsider 
the planes that give a different weight function only. Other planes reduce 
this to the two-dimensional case. 


Proof. For mixed lattices corresponding to the vectors = 

(1,034,033,032,031,030), = (0,1,023,022,021,020)5 = 

( 0 , 0 , 1 , 012, Oil, oio) the rank of matrices on the level of planes is four. □ 

Lemma 3.7. The weight funetion for mixed lattiees where the plane is not 
one of the rank four planes is 

w'(A') = 7 rs + 6r2 + 5 ri - min{ri, np(oi5)} 

- min{ri + r2 + rs, ^^(015), ^^(025) + ri, ^^(024) + ^i, (8) 

W(«35) + n + r 2 , np(o34) + ri + r 2 , ^^( 033 ) + ri + r 2 }. 

Proof. We count over lattices of elementary divisor type 
(1,1, 1,P’’3,P’’2+''3 ,p^i+’’ 2+^3). The lattices A' lifting this flag are in 
one-to-one correspondence with the three of vectors encoded as columns of 
the matrix. Call the vectors a^, o? and a^, respectively. 


( 035 

025 

Ol5^ 

034 

024 

Ol4 

033 

023 

Ol3 

1 

022 

O12 

0 

1 

On 


\ 0 0 1 / 

where 035,034,033 e pZp/{p^^), 025,024,023 e pZp /022 e 

pZp/ijf^), oi5, oi4, oi3 e pZp/(p’’i+’’2+^3)^ (^^2 e pZp/(p’’i+^2)^ g pZp/{f^). 

So what we are required to do is to solve the following congruences: 
g ■ M{a^) = 0 (mod p^^) 

g ■ M{a^) = 0 (mod p'' 2 +’’ 3 ) (9) 

g ■ M{a^) = 0 (mod p^i+’’2+^3^ 
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simultaneously. 

With suitable local coordinate changes the conditions reduce to 


/ 


0 

^15 

0 

0 

\ 




^15 

0 

0 

0 


= 0 



0 

0 

0 

1 



V 


0 

0 

-1 

0 





(° 

0-25 

024 

0 

\ 




0 

0 

0 

1 


= 0 

g 

0 

0 

0 

0 




VO 

0 

0 

0 




/ 0 

035 

034 

033 

\ 




0 

0 

0 

0 


= 0 



0 

0 

0 

0 



V 

0 

0 

0 

0 




(mod 


(mod 


(mod 


The explicit weight function for this is 


w\A') =7r3 + 6r2 + 5 ri - min{ri, np(ai5)} 

- min{ri + r2 + r^, ^^(ais), ^^(025) + n, ^^(024) + n, 

Vpiasb) +ri + r2, ^^(034) + ri + r2, ^^(033) + ri + r2}. 


( 10 ) 

□ 


Other types of mixed lattices containing r 3 are obtained by putting either 
of ri or r 2 equal to zero in the formula above. 


4 Generating functions 

Recall from 8 that the zeta function takes the shape 

Cf 2 , 4 (^) = Cz4,p(s)Cp(10s - 24) ■ A{p,p-^). (11) 

We can decompose the generating function A{p,p~^) further to run over 
lattices of fixed type, and write it as 

A{p,p-^) = Ai{p,p-^) ( 12 ) 

where 

Ai(p,p-‘}= E (13) 

u(A')=I 
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A' is a representative lattice of type /, and /i(A') is its mnltiplicity. 

However, the above is still not the optimal way to decompose things; we 
somehow need to involve the dependence on the geometric pieces which give 
a different weight function. A more subtle decomposition is needed. 

Let us denote by {f*}, i = 1,2,3 those lattices of type {f} that lift a 
given i — 1-dimensional linear subspace of the projective space that lies on 
the Pfaffian and accordingly by A,* the generating function counting along 
these lattices. Similarly for mixed lattices. For instance, we have the lattices 
{1*, 2*} which lift a flag of type consisting of a line containing a point on 
the Pfaffian, and Ai* 2 * for the corresponding generating function. In short, 

Aj denotes the generating function along lattices of type / and the extra 
stars on elements / just tell if this part of the lattice has lifted a flag variety 
that lies on the Pfaffian hypersurface. 

4.1 Indexing 

The indexing in this case has to be done carefully in order to take all 
the possibilities into account and we shall use the indexing set / C 
{1, 2, 3,4, 5,1*, 2*, 3*}, such that if i G / then i* ^ I and if j* G I then 
k ^ I when k < j. 

Now the generating function A{p,p~^) can be split into parts 

A{p,p-^)= ci^pAi{p,p-^) + Y C7,pA/(p,p"") + Y ci,pAi{p,P~") 

/C{1,...,5} /=1*UJ2 /=JiU2*UJ2 

J2C{2,...,5} JiC{1*} 

J2C{3,4,5} 

+ Y C7,pA/(p,p"*), (14) 

/=JlU3*U J 2 

JlC{l*.2*} 

J 2 C{ 4 .S} 

where Ai{p,p~^) are as in (fT!?ll and cj^p are coefficients depending on the type 
of lattice and number of Fp-points on certain varieties, and can be explicitly 
written down as polynomials in p. 

In order to write down the coefficients c/^p we need some definitions. Let 
ni{p) be the number of Fp-rational points of the Fano varieties of {i — 1)- 
dimensional subspaces on the Pfaffian hypersurface. In the case of planes, 
however, we need to take the number of planes on the ruling that gave the 
different weight function. Explicitly 

ni(p) = + l)(p^ + P+ 1), 

Mp) = (P + 1)(P^ + 1)(/ + P + 1), 
n3(p) = + l)(p+ !)• 


17 


So in this example we have n 3 (p) = + l)(p + 1) but really there are 

^ 3 (p) = 2(p^ + l)(p+ 1) Fp-points on the Fano variety of planes on a quadric 
four-fold. 

Now we can explicitly describe the coefficients c/,p appearing in the 
generating function. Let us denote by bj{p) the number of points on 
the flag variety defined by lattices of type I. We also write I — k to 
mean the type of lattice we get if we subtract from each index i E I, the 
number k, so if / = {4, 5, 6} then 1—3 = {1, 2, 3}. With this notation we have 


1) If J C {1,..., 5} and I = {ii,, in}, then 


^I,p 


6 * *• in—i 

1 


6 — ii 

ii - h 




ffil(p) 


= bi{p) - 6/-n(p)nii(p). 


2) If/ = {ii,...,in,k*,ji,...,jr}, then 




6-k - jr-l 

jr jr—1 


Q-k-ji 
32 - ji 


6 — k 
k-ji 


Mp) 


k — ii 


1 




%i(p) 


Jl ^1 ••• 

k tri. 


= bj^-k{,p)nk{p)bj^{p) - bj^_^k-n){p)nk+i{p)bj,uk{p)- 


To see exactly where in the zeta function we have the dependence on the 
Fp-points of a Fano variety, let us now rearrange (d into the form 


A(p,p ‘)^W„(p,p ‘)+n,(p>)Wi(p,p *) + n 2 (p)^r 2 (p,p *) + n 3 (p)»' 3 (p,p '). 

(16) 

From the formulae for the coefficients cj^p we see that the only c/p that 
don’t depend on any of the nj(p) come from the first summand, and so we 
get 


Wq{j),p *) = ^ bi{p)Ai{p,p ^). (16) 

/C{1,...,5} 

We also observe that ni(p) appears only in the first two summands in 
m and thus 
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W^i(p,p")= Y1 bj_i{p)Aj{p,p ^) - bj_i{p)Ai{p,p 

/=1*UJ2 I=1UJ2 

J2C{2,...,5} J2C{2,....5} 

/C{2,...,5} 

Similarly we extract the dependence on n 2 (p) and notice that it appears only 
in the first two snmmands of d 


W2{p,p")= Y ^J2-2{p)bjAp)Ai{p,P ") - Y bj2-2{p)bji{p)Ai{p,p ") 

/=JiU2*UJ2 /=JiU2UJ2 

JlC{l*} JlC{l*} 

J2C{3.4,5} J2C{3,4.S} 

= Y bj2-2{p)bj,{p){Aj^^j2*UJ2{P,P~") - AjiU2UJ2{P,P~")) 

J2C{3.4,5} 

And finally we do the same for n 3 (p) and get 


W3{p,p")= Y bj^-3{p)bjr{p)Ai{p,p ^) - Y bj^_3{p)bj^{p)Ai{p,p 

/=JiU3*UJ2 /=JiU3UJ2 

JlC{l*,2*} JlC{l*,2*} 

J2C{4,5} J2C{4,5} 

= Y ^^2-3(p)&Ji(p)(^JiU3*UJ2(P,P“*) - ^JiU3UJ2(P,P“*)) 

JlC{l*,2*} 

J 2 C{ 4 .S} 


4.2 Igusa factors 

We observe the factor /^(U) appearing frequently in the formulae. In this 
section we see that it is a natural part of the zeta functions. 

Definition 4.1. In an expression of the form 

W(w, Y) = ..., W+i)E,(W, ..., W) 

we shall call the factor Jd'_i_i(X) the upper Igusa factor and the factor 
Jj_i(Y) the lower Igusa factor. 

Some of Voll’s work has concerned the Igusa factor, for instance his for¬ 
mula for the normal zeta function of the so-called Grenham groups in ns is 
completely of this form. There he also observed the existence of the upper 
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Igusa factor in the formula of Wi{p,p~^). The existence of the lower Igusa 
factor is recorded here publicly for the first time. However, it did appear in 
the calculation of the Segre example m where the Pfaffian hypersurface was 
the Segre surface. 

Let us now start to calculate and determine where these factors come 
from. 

For completeness we shall calculate Wo{p,p~^) here again, and in this 
context using the /i-function. 

Lemma 4.2 (Voll). 

Wo{p,p~")= bi{p)Ai{p,p-^) = bi{p~^)Yl ^ (17) 

/C{1,...,5} /C{1,...,5} i&l * 

where X* = pAo-i)-(4+i}s ^ ^ 1,..., 5. 

Proof. Using the lemma 0771 we can write 
Y bi{p)Aj{p,p-^) 

oo 

7C{1,...,5} iel ri=l 

OO 

i&I ri=l 

pi(10-i)-(4+i)s 

= Y ^^(T* ) 11 1 _ j)i{l0-i)-{4+i)s- 

rr-fi cl ^ 


4.3 Extracting the upper Igusa factor 

For simplicity of notation we shall ignore the variables p and from the 
generating functions and use only Aj to denote Ai{p,p~'^). We shall also from 
now on forget the p—adic valuations Vp{aij) in the min-expressions and will 
write, for example, min{ri,ai 5 } instead of min{ri, ^^(ais)}. 

We can first simplify our formulae by summing out most of the variables. 
We do this in the next two lemmas. 

Lemma 4.3. 

{Aj^Ui*UJ2 — ^JiUiUJ2) = (18) 

where Aj^ = nj 2 GJ 2 ~ p*^^°“l2)i2-s(4+j2) j)gfore. 
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Proof. 


{AJ,u^*uJ, - Aj^uiuJ,) = n E J2p^^n-si4+^)n_ 


j2&J2 »-J2=l 


n Up *’' 

jieJi »’ji=i 


Si=i Pk j 


rj -s{ 4 +ji)rj 


n 

ij£JiUiUJ 2 aij=l k=i 

j<i 


rjj^+ri,aij+ri+---+ri-i} _ ^min{J]^.^ rj.^,aij+ri+---+ri-2}\ 


We can now sum up all those /i-functions that depend only on Vj^ and from 
those we get p-p^^p<^^J 2 -ipA-j 2 SJ 2 ^^-P-^'>P^j 2 _ Moreover we can use the property 
of fi that 


ri-\ -hr-,' 


n-l -l-rfc_i 


pin H-h rj, ttij) = p^fc+-+’’> 


y] /r(ri + ■ ■ ■ + 


^k—1') ^ij J 


to extract the rj^ from the /r-part as well, as these don’t appear in the min- 
expressions. Then we get out of the /r’s. 

In conclusion, we have extracted 

p- dim JPj2-ip'Ej2eJ2 (^-n)j2rj^ ^ 


and we can rewrite 


^ JlU 2 *U J2 JlU 2 UJ 2 ) 


n E p‘ihrj 2 -«( 4 +i 2 )rj 2 p- dim -ip'Pj^ 6 J 2 


i2GJ2 7 -j 2 = l 


^ Y[ - 24j,u) 

j2&J2 rj2=^ 


Lemma 4.4. 


Wi = bj2-i{p)bjj^{p){Aj^ui*uJ2 — Ajj^uiuJ2) 


JlC{l*,...,i-l*} 

J2C{i+l,...,5} 


■ ■ ■ 5^5) ■ ^ ^ (p) JlUi* ^JlUi) 


JlC{l*,...,i-l*} 


with the poles Xk = p^do fc) (4+fc)s k = i + 1,... ,5. 
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Proof. 

Wi= ^2 ^J2-*(p)^Ji(p)("4jiU*UJ 2 ~ ^JlUiUJ2) 

JlC{l*,...,i-l*} 

J2C{i+l,....5} 

= - ^JIU) 

JlC{l*,..,i-l*} 

•^2C{*+1,...,5} 

= Yl Y ^J2-i(P“^)^Jl(p)^J2 ■ (^JlUi* - ^JlUi) 

J2C{i+l,...,5} JiC{l*,...,i-l*} 

= Y ^J2-iiP~^)^J2 Y ^Jl(P)(^JlU** - -4jiUi) 

J2C{i+l,...,5} JiC{l*,...,i-l*} 

= /5-i(Xj+i, . . . , X5) ■ ^ &Ji(p)(^JiUi* — ^JlUi)- 

JlC{l*,...,i-l*} 


□ 


Corollary 4.5. Using the above lemma we can write the rational functions 

W„(p,p-‘)= Y. b,(p-^)'[{-^^h{X,,...,X!,). 

/C{1,...,5} i£l * 

W^p-^) = h{X2, (A. - A,) 

W2{p,p-n=h{X3,X,,X,)- Y &Jl(P)(^ilU2*-^JiU2) 

Ws{p,p-n = l2{X,,X,) ■ Y bjMiAj,u3* - Aj^us), 

JlC{l*,2*} 


where X* = (4+j)s ^ ^ 5 _ 

Thus it is enough to consider the sums 

Y^ ^Jl(p)(^JlU2* - ^Jiu), 
and that is what we shall do in the next section. 


4.4 The lower Igusa factor 

From the corollary 14.51 we recall the form of lT 2 (p,p“'^) as 

W2{p,p-n = h{X3,X^,X,)- Y bjMiAj,U2* - Aj,^2) (19) 

JlC{l*} 
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Here we need to calculate two terms, namely {A 2 * — A 2 ) and (Ai* 2 * — 
Ai*^2)- 

We shall start with the latter. This example demonstrates very well the 
general idea and isn’t too hard to do explicitly. 

Lemma 4.6. 

(Ai*, 2* - Ai‘, 2 ) - ^ 2 ), (20) 

i — ii 

where Yi = p8-3s_ 

Corollary 4.7. 

^Jl (p)(^JlU2* — ^JiU2) = A(W)(^2* — A 2 ). 

Proof. (Proof of corollary 1121) 

&Jl(p)(^JlU2* - ^JiU2) = (1 + )(^2* - ^ 2 ) 

= -^l(hl)(^2* — A 2 ) 

by definition of the Igusa factor. □ 

So we have proved that H 2 (p,is of the form claimed. It is left to 
prove the lemma. This is the first example of a process I call extracting the 
lower Igusa factor. 

Proof. (Proof of lemma P~fill For simplicity, let us write T := . 


00 00 Ti+r 2 

Hi*,2* - ^i‘,2 E /r(r 1 + r2; 015, Om, 013, 012) 

r2=l ri=l ai5,ai4,ais,ai2=l 

ri r2 

^^/i(ri,aii) ''Y^ 2', 0-25, 0.24, 0-23, 0,22) ■ 

ail=l 0,26,0.24,0,23,0.22 = 3 

min{ri,ai5}—min{ri+r2,ai5,a25+»’l,ci24+r'l} ^^-2min{ri,ai 5 }^ 

First we can see that some variables are independent and can be summed 
separately. We shall write X]aii=i f(^iWii) = and more importantly 

ri+r2 r-2 ?’i+r2 

Y p{ri+r2;oi5,ai4,oi3,ai2) = Y f(^ 2 ; Qu, Qia, Q 12 ) Y. p{ri+r2,oi5)- 

015,014,013,012=1 ai4,ai3,ai2=l 1115=1 
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Denoting a = ( 014 , 013 , 012 , 025 , 02450235022 ) and inserting the above two 
simplifications we can write onr snmmations as 


r2 


ri+r2 


Ai*,2*-Ai*,2=p-'5^p"''^T6'-^5^/i(r2;a)5^/n2^5n ^ + r^, a,^)- 

r2=l a=l ri=l ai5=l 

^q^-mm{ri,ai5}-mm{ri+r2,ai5,a25+ri,a24+ri} _ ji—2min{ri,ai5}^ 


Write 

00 

B(r2) = ^ + r2, a,^)- 


ri+r2 


ri=l ai5=l 

min{ri,ai5}—min{ri+r2,ai5,a25+»'l,a24+»'l} _ ^^-2minjri, 015 }^ 


and start to decompose this according ri = 1 and ri > 2, in the latter case 
change the variable r[ = 1 + ri: 


l+r2 

B{r2) = ^ /r(l + rs, Ois)- 

ai5=l 

(2^-1—min{l+r2,ai5,a25+l,a24+l} _ ji-2min{l,ai5}^ 

oo l+r^+r 2 

E p(l + r( + r2, Ois)- 

rj=l cil5=l 

min{l+r5^,ai5}-min{l+r'j^+r2,ai5,a25+»’J+l,a24+>’i+l} _ 2minjl+rj^.ais}^ 


Now if Oi 5 = 1 all the min-expressions will take valne 1 and so the snbtrac- 
tion will cancel all these parts. Thns we can assnme that O 15 > 2. Moreover, 
we can change the range of summation 

l+rj r[ 

^ /i(l + r(, 015 ) = ^ /i(r(, 015 ) 

015=2 015 = 1 


and note that min{l + r(, 1 + 015} = 1 + min{r(, O15}. Now we can write the 
summations in the form 


B(r2)=p^T^ M^2,Oi5)- 

015 = 1 

min{r 2 ,oi 5 , 025 , 024 } _ 

00 r'+r2 

+ p^T^ E p8rirjn5ri E /i(r( + r2, 015)- 


r^=l 


015 = 1 


min{ri,oi5}-min{ri+r2,oi5,025+rPo24+»’i} _ ji-2 min{rPoi5}^ 
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Inserting this back to v4i* 2 * — ^i *,2 we obtain that 


(1 — p^T^){Ai*^2* — ^i*, 2 ) — P ^p^T'^{A 2 * — A2), 




(21) 


and thns 


Y 

{Ai* 2 * — ^ 1 *, 2 ) = P -^(242* — ^42) 


1-Fi 


where Yi = as claimed. 


□ 


Calcnlating W 2 ,{piP is very similar to 1^2(p^P *)• We jnst have some 
more snmmands to consider. 


Proposition 4.8. 


^Jl(p)(^JlU3* — — -^2(hl,P2) ■ {A^* — yds). 

JlC{l*,2*} 


( 22 ) 


Let ns state the lemmas needed 

Lemma 4.9. 

_ dim.:Fi W 


(y4i*u3* — ^dpus) — p 


1-W 


(yds* — yds) 


Lemma 4.10. 


(y42*u3* ~ 242 *u 3) — P -—(yds* — yds) 

I — 12 

Lemma 4.11. 

(y4i*^2*U3* — 24i*^ 2*U3) = P -—--—(yds* — yds) 

i — 12 J- — ll 

Proof. The above three lemmas are proved in exactly the same way as lemma 
14.bl - in the proof of lemma HUT] we just need to do the procedure twice. □ 


Proof (of proposition 14.811 By the above lemmas 






&Jl(p)(^JlU3* - 24 jiU 3) - &ji(p n _ y. 


JlC{l*,2*} 


JlC{l*,2*} 

= -^2(dl, ^ 2 ) • (^3* ~ ^ds). 


□ 
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4.5 The exceptional factor and final formulae 


Finally we need to calculate the exceptional factor Ei = (4j* — Ai). 

Proposition 4.12. Let d = h{G°‘’^) he the torsion-free rank of the abeliani- 
sation and d' = h{Z{G)) the torsion-free rank of the eentre. Let ni = Ci + di 
where Ui is the dimension of the space of i — 1-dimensional linear subspace 
in di the dimension of the Fano variety of i — 1-dimensional linear 

subspace of the Pfajfian, and Ci the codimension of the same object. Then 


OO Vi Ti 


/i(r,; 6i, 62,_ 1) 

ri=lbi=lb2=l bn^=l 
pdij-^d+i—t 

_ pid+dij^d+i-fj^^ _ pdi+Ui^d+i'^ 


where t = 2 in the case of points and t = 1 in the case of lines and higher 
dimensional Fano varieties. 


To prove the proposition, we use the following crucial lemma. 
Lemma 4.13. 


00 Ti Vi Ti 


-tmm{a,bi,b2,...,bc-} 


EEE-'E 

ri=l 61=1 62=1 bc^=l 

pid+dirp^d+i—t _ pid+di'j^d+i'j 

_ pid-\-di^d-\-i —_ pid-\-di-\-Ci^d-\-i^ 

Now we can prove the proposition. 

Proof, (of proposition 111121) 

00 Ti Vi Ti 

Ai.-Ai = Y,Y.Y.---Yl ^1. ^2,. . ., 

ri=l bi=l 62=1 bn-=l 

00 Ti Ti Ti 

"EEE"' E 

ri=l bi=l b 2 =l 

First we sum all the fc^’s that don’t appear in the min-expression using 
the properties of the //-function: 


00 Ti Vi 


Ti 


4 ..-a = p-EEE-E /i(r„ 61, 62,..., 
ri=l 61=1 62=1 bc^=l 
00 

_ p-i<ii+<bi) ^ p(id+di+Ci)rij^{d+i)ri 
ri = l 
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Now using lemma 0^21 and summation of geometric progressions we get 


Ai* - Ai=p 


_ ^ di 




_ pid-\-di^d-\-i — pid-\-di-\-Ci^d-\-i^ 

id+di+Ci 

_ -jdi^ci) P _^ 

^ _ pid-\-Ci-\-di^d-\-i ^ 

and by a routine calculation we get the formula given in the corollary. 


□ 


And hnally, the proof of lemma HUHl depends on the following combina¬ 
torial observations: 


Lemma 4.14. 

Ti + l Ti + l Ti + l 

■■■Y, + 1; foi, &2,..., 

bi=l b2=l bc^=l 



= T 


EE 

bi=l 62=1 




/i(r,; 61 , 62 ,..., 


Lemma 4.15. 


Proof. Binomial theorem. 

Lemma 4.16. 


Ti + l Ti + l Ti + l 


bi=2b2=2 hcj^=2 

n Pi Vi 


61=162=1 6c. =1 


□ 


Proof. Change the range of summation and observe that /r is invariant under 
this action. □ 

Next we prove lemma, B.141 
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Proof. We split the range of summation into two parts according to whether 
the min-expression takes value equal or greater than 1. Then 

ri+l Ti+l 

+1; • • • > = 

f>l=l bc-=l 

= r“* (number of terms for which min is = 1) + 

Ti + l Ti + l 

+ E • ■ ■ E +1; • • • > 

bi=2 be-=2 

n Tj 

= T-* ■ (no of {min=l}) + T"* /i(r,; 

6i=l bc^=l 

by lemma li.1 bl Now all that is left is to count the terms for which min = 1. 
As all the 6, are integers between 1 and r* + 1, the only way that min{rj + 
1, 6i,..., 6ci} = 1 is when one or more of the bi = 1. Note that /i(rj + 1,1) = 
p'’*(l—p“^), and J 2 bl ^2 + ^i) = so with these we have multiplicity 

(rOexactly TTi of the bi are equal to one. Now 
putting these together and using lemma HUHl we have the multiplicity of T“* 
p'^‘^*(l — p~‘^*) as claimed. This proves lemma B.1 41 □ 

And then finally lemma ld.l ,41 


Proof, fof lemma, l4.1 ,4fl Write 


A- = Yl X] X; • • ■ X] P(r.; b„h,...,K,)T 


-tmm{ri,bi,b 2 ,...,bc.} 


r,:=l 


6l=l b2=l 6c, =l 


We split A'* into pieces when r* = 1 and r* > 2 and in the latter we change 
the variable ri = k + 1. 


JSf. = pid+dij^d+i-t 


fc +1 fc +1 


^ ^ ... ^ + 1 ; ^ 2 , • • •, b^.)T 


—tmm{k+l,bi,b2,...,bc^} 


k=l 


fcl=l bc-=l 


_ pid+dij^d+i—t_^ 

oo k k 

_j_ pid+dij^d+i-t ^ ' • ^ p{id+di)krp{d+i)k E-E 

k=l bi=l bc=l 


_|_ _ p-Cjb^pid+djrpd+i-t ^p{id+di+Ci)krp(d+i)k 


k=l 
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using lemma HHH Now 


— p{id+di)rpd+i-t'^j^ _ pid+dirj^d+i-t _j_ _ p-Ci'^pid+dirpd+i-t ^^ ^{id+di+Ci)krp{d+i)k 

k=l 

^id+di+Cirpd+i 

-i-t P 


_ pid+dirjnd+i-t _j_ _ p-Ci'^pid+dijnd+i-t 


\ _ pid+di+CiJ^d+i' 


just summing up the geometric progressions. Now rearranging our rational 
functions we get 


A' = 


pid+di'pd+i—t _ pid+di'j^d+i'^ 

_ pid+dij^d+i-fj^^ _ pid+di+a'J^d+i'j 


as claimed. 


□ 


5 Functional equation 

The functional equation in this example is now an easy corollary of the 
general shape of the zeta function. It is conjectured in jl] Conjecture 5.47 that 
all uniform zeta functions of class two nilpotent groups satisfy the functional 
equation 

■ Cg,p(s). 

Recall from the observation that 

C3,p(s)|p„p-. = (-!)->+“'■ C3,p(s) » 

A(p,T)\^-, = i-lf-^pCi) . a(p,T). 

We can also observe that in our decomposition of 

3 

R(p, T) = Wo{p, T) + J2 MPW^{P, T) 

i=l 

it is enough to show that each of the summands satisfies the same functional 
equation as A{p,T) satisfies. In this example d = A and d' = 6, but we do 
this in general, since the functional equation doesn’t depend on the actual 
numerical values d and d' take. 

It is known at least from UBI and can in fact be explicitly observed that 

= (-1)V(‘*‘>4(U), 
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where Ui = 

So in each of 




we have a functional equations from the Igusa factors as (—1)'^' * 2 ) and 

(_l)*-ip( 2 )^ and it is left to see what is the functional equation on Ei. But 
this is now easy since we have the explicit formula 


E^{X,,Y{) 


p '^*Yi — p "'^Xi 

(1-X,)(1-F,)’ 


and we see that 

E,{X„Yi}\^p-, = p^^^'^^E.iX^Yi). 

Here n, = i{d' — i) and di = the dimension of the Fano variety of {i — 1)- 
dimensional linear subspaces on 

If we know observe that for i = 1,2,3 the points on the Fano varieties 
have functional equations nj(p)|p,_^p-i = since these nj(p) are poly¬ 

nomials in p with nice symmetry properties. 

So putting all of these together 

W,{p,T)\p^p-i = 

and as “*) + + (2) = (2) have that 

W,{p,T)\^^^-i = {-lfp(i)w,{p,T) 


as required. This proves the functional equation. 
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